In this paper, we have searched the existence of the similarity solution for plane symmetric inhomogeneous cosmological models in general relativity. The matter source consists of perfect fluid with proportionality relation between expansion scalar and shear scalar. 
Introduction
An Inhomogeneous cosmological model plays a significant role in understanding of phenomenon like formation of galaxies during its early stage of evolution. The choice of inhomogeneous cosmological models permit one to obtain more general cosmological model in comparison to FRW model and Bianchi type models of universe. The theoretical arguments supports the existence of an inhomogeneous phase of early universe that approaches to homogeneity on later stage of evolution. The recent observation confirmed that the present evolution of universe is spherically symmetric and the matter distribution in the universe is on the whole isotropic and homogeneous. But close to the big bang singularity, neither the assumption of spherically symmetric nor that of isotropy can be strictly valid. So, we consider plane symmetric space time with inhomogeneous distribution of matter, which is less restrictive than spherical symmetric and can provide an opportunity for the study of inhomogeneity.
Firstly, Taub [1, 2] considered the plane-symmetric inhomogeneous cosmological model and later on, Fienstein and Senovilla [?] obtained a new class of exact solution of Einstein's field equation with big bang singularity which satisfied energy and causality condition. A large number of singularity free inhomogeneous cosmological models have been analysed by Senovilla [4] Ruis and Senovilla [5] , through a comprehensive study of inhomogeneous metric with separable function of r and t as metric coefficient. Pradhan et al [6, 7, 8, 9 , 10] and Yadav [11] have presented plane symmetric and cylindrically symmetric inhomogeneous cosmological models in different physical aspects. In 2008, Marra and Pääkkönen [12] developed the formalism to study exact spherically-symmetric inhomogeneous models with an arbitrary numbers of perfect fluids and later on, Marra et al [13] confronted these models with data. Recently Bolejko et al [14] have studied the inhomogeneous cosmological models in the framework of general relativity. According to them, inhomogeneous cosmological models are the exact solution of Einstein's field equation that contains at least one subclass of non static FRW solution as a limit.
The symmetry groups are defined as the groups of continuous transformations that leave a given family of equations invariant [15, 16, 17, 18] . Nonlinear equations are widely used as models to describe complex physical phenomena in various fields of science, especially in fluid mechanics, solid state physics, plasma physics, plasma wave and general relativity. The investigation of the exact solutions of nonlinear partial differential equations (PDEs) plays an important role in the study of nonlinear physical phenomena [19, 20, 21, 22] . Although the concept of symmetry transformations is well-known in the theory of differential equations, both ordinary and partial, we owe their first systematic treatment to Ovsiannikov [23] who had observed that the usual Lie infinitesimal invariance approach could as well be employed in order to construct symmetry groups [24, 25, 26] .
In this paper, we apply the so-called symmetry analysis method for a particular problem in general relativity. The main advantage of such method is that they can be successfully applied to nonlinear differential equations. The similarity solutions are quite popular because they result in the reduction of the independent variables of the problem. In our case, the problem under investigation is the system of second order nonlinear PDEs. Hence, any similarity solution will transform the system of nonlinear PDEs into a system of ODEs.
From the discussion above, we attempted to find a new class of exact solutions for Einstein field equations. A plane symmetric inhomogeneous cosmological models with a perfect fluid in Riemannian geometry, are introduced in section 2. In section 3 symmetry analysis and isovector fields for Einstein field equations are obtained. In section 4 we found new class of exact (similarity) solutions for Einstein field equations. Section 5 is the study of some physical and geometrical properties of the obtained model.
The metric and field equations
We consider the plane-symmetric line element in in general form
where A, B and C are functions of r and t. The volume element of the model (1) is given by
The four velocity of the fluid has the form
The energy-momentum tensor in the presence of a perfect fluid has the form
where ρ and p are the energy density and the pressure of the fluid, respectively. In this coordinate system the Einstein's field equation
For the line element (1) the field equation (5) can be reduced to the following system of non-linear partial differential equations:
The consequence of the energy momentum conservation
are the relations
The plane symmetric solutions can be classified according to their four kinematic properties, i.e., rotation, acceleration, expansion and shear. In co-moving frame of reference these quantities can be computed as the following:u
Therefore the non-vanishing components of the shear tensor σ j i and the shear scalar are
The Einstein field equations (6)- (9) constitute a system of four highly non-linear differential equations with five unknowns variables, A, B, C, p and ρ. Therefore, one physically reasonable conditions amongst these parameters are required to obtain explicit solutions of the field equations. Let us assume that the expansion scalar Θ in the model (1) is proportional to the eigenvalue σ 1 1 of the shear tensor σ k j . Then from (14) and (16), we get
where γ is a constant of proportionality. The above equation can be written in the form
If we integrate the above equation with respect to t, we can get the following relation
where n = 1 2 2 − 3 γ 1 + 3 γ and f (r) is a constant of integration which is an arbitrary function of r. If we substitute the metric function C from (20) in the Einstein field equations, the equations (6)- (7) transform to the nonlinear partial differential equations of the coefficients A and B only, as the following new form:
where the prime indicates derivative with respect to the coordinate r.
Symmetry analysis method
In order to obtain an exact solutions of the system of nonlinear partial differential equations (21)- (22), we will use the symmetry analysis method. For this we write
as the infinitesimal Lie point transformations. We have assumed that the system (21)- (22) is invariant under the transformations given in Eq. (23) . The corresponding infinitesimal generator of Lie groups (symmetries) is given by
where x 1 = r, x 2 = t, u 1 = A and u 2 = B. The coefficients ξ 1 , ξ 2 , η 1 and η 2 are the functions of r, t, A and B. These coefficients are the components of infinitesimals symmetries corresponding to r, t, A and B respectively, to be determined from the invariance conditions:
where E m = 0, m = 1, 2 are the system (21)- (22) under study and Pr (2) is the second prolongation of the symmetries X. Since our equations (21)- (22) are at most of order two, therefore, we need second order prolongation of the infinitesimal generator in Eq. (25) . It is worth noting that, the n-th order prolongation is given by:
where
The operator D i1i2...is is called the total derivative (Hach operator) and taken the following form:
where D ij = D ji and u α,i = ∂uα ∂xi . Expanding the system of Eqs. (25) with the original system of Eqs. (21)- (22) to eliminate B rr and B rt while we set the coefficients involving A r , A t , A rr , A rt , A tt , B r , B t , B tt and various products to zero give rise the essential set of over-determined equations. Solving the set of these determining equations, the components of symmetries takes the following form:
such that the function f (r) must be equal:
where c i , i = 1, 2, ..., 8 are an arbitrary constants.
Similarity solutions
The characteristic equations corresponding to the symmetries (29) are given by:
By solving the above system, we have the following four cases:
Case (1): When c 1 = c 3 = 0, the similarity variable and similarity functions can be written as the following:
where a = c 4 and b = −c 2 are an arbitrary constants. Substituting the transformations (31) in the field Eqs. (21)- (22) lead to the following system of ordinary differential equations:
where c = c 7 and d = c 8 are arbitrary constants such that f (r) = c exp[d r]. By integration the equation (33), we can get the following:
whered = d (n − 1) a n while q 1 is an arbitrary constant of integration. Substitute (35) in (34), we have the following ordinary differential equation of the function Φ only as follows:
If one solves the above third order non-linear ordinary differential equation, he can obtain the exact solutions of the original Einstein field equations (6)-(9) corresponding to reduction (31). This equation is very difficult to solve in general form, however, may be solved in some special cases.
Here, we assume the solution equation (36) in the form:
where q 2 and q 3 are arbitrary non-zero constants. If we substitute the above solution in the equations (36), we have the following condition:
where α 1 = 2 (2 − n) q 3 −d . For discuss the above condition, we must take two cases as the following:
Case (1.1): When α 1 = 0, then the condition (38) leads to the following two conditions:
The solution of the above equation is α 1 = q 3 = 0 contradiction.
Case (1.2):
When α 1 = 0, the condition (38) leads to q 1 = b (n − 1) q 2−n 2 a q 3 . Therefore, the coefficients metric functions takes the form:
It is observed from the above equations, the line element (1) can be written in the following form:
where a 2 , a 3 ,ã,b and n are an arbitrary constants.
Case (2): When c 1 = 0 and c 3 = 0, the similarity variable and similarity functions can be written as the following:
(21) and (22) lead to the following system of ordinary differential equations:
where c = c 7 and d = c 8 are arbitrary constants such that f (r) = c exp[d r]. By integration the equation (43), we can get the following:
whered = 2 (2 − n) + d (1 − n) a n while q 1 is an arbitrary constant of integration. Substitute (45) in (44), we have the following ordinary differential equation of the function Φ only as follows:
If one solves the above third order non-linear ordinary differential equation, he can obtain the exact solutions of the original Einstein field equations (6)- (9) corresponding to reduction (42). This equation is very difficult to solve in general form, however, we can solve it in some special cases as follows:
Here, we assume the solution equation (46) in the form:
where q 2 and q 3 are arbitrary non-zero constants. If we substitute the above solution in the equations (46), we have the following condition:
Case (2.1): When α 1 = 0, then the condition (48) leads to two the following two conditions:
The solution of the above equation leads to the following two cases:
The first solution is q 3 = 1 and α 1 = −4 n and the coefficients metric functions takes the form:
, a 2 = q 2 and a 3 = c 1 q 2 n 2 . It is observed from the above equations, the line element (1) can be written in the following form:
where a 1 , a 2 , a 3 , a b and n are an arbitrary constants.
Case (2.1.2):
The second solution of the equation (49) is q 3 = 2 2 n + 1 and
and the coefficients metric functions A(r, t) and C(r, t) are functions of t only, which case is not considered.
Case (2.2):
When α 1 = 0, then the condition (48) leads to
. The coefficients metric functions takes the form:
whereã = a (q 3 − 2), a 1 = (1 − n) q 2 q 3 a , a 2 = q 2 and a 3 = c 1 q 2 n 2 . It is observed from the above equations, the line element (1) can be written in the following form:
where a 2 , a 3 , q 3 ,ã, b and n are an arbitrary constants.
Case (3): When c 3 = 0 and c 1 = 0, the similarity variable and similarity functions can be written as the following:
where a = c 2 c 1 and b = − c 1 c 4 are an arbitrary constants. Substituting the transformations (54) in the field Eqs.
where f (r) = c (r + a) d and c = c 5 c c6 1 and d = c 6 are arbitrary constants. By integration the equation (55), we can get the following: 
It is important to note here that one can not solve eq. (56) in general. So, in order to solve the problem completely, we have to choose some special cases as follows: Here, we assume the solution equation (58) in the form:
where q 2 and q 3 are arbitrary non-zero constants. If we substitute the above solution in the equations (58), we have the following condition:
where α 1 = 2 q 3 (2 + n) + 4 − 2d. For discuss the above condition, we must take two cases as the following:
Case (3.1): When α 1 = 0, then the condition (60) leads to two the following conditions:
The solution of the above equations lead to the following solution:
Case (3.1.1): The first solution is q 3 = − 1 2 and α 1 = 2 n. Therefore, the coefficients metric functions takes the form:
, a 2 = q 2 and a 3 = c 1 q n 2 . It is observed from the above equations, the line element (1) can be written in the following form:
Case (3.1.1): The second solution of equation (61) is q 3 = − 1 2 n + 1 and α 1 = 4 n 2 n + 1 . In this case, the function Ψ(ξ) is a constant which is not considered.
Case (3.2):
When α 1 = 0, the solution of the equation (60) is q 1 = ± b (n − 1) q 2−n 2 q 3 + 1 . Therefore, the coefficients metric functions takes the form:
where a 2 , a 3 , a b, q 3 and n are an arbitrary constants.
Case (4): When c 1 = 0 and c 3 = 0, the similarity variable and similarity functions can be written as the following:
where a = (21) and (22) lead to the following system of ordinary differential equations:
where f (r) = d (r + a) k and d = c 5 c c6 1 and k = c 6 are arbitrary constants. By integration the equation (67), we can get the following:
while q 1 is an arbitrary constant of integration. Substitute (69) in (68), we have the following ordinary differential equation of the function Φ only as follows:
If one solves the above third order non-linear ordinary differential equation, he can obtain the exact solutions of the original Einstein field equations (6)- (9) corresponding to reduction (66). This equation is very difficult to solve in general form, however, we can solve it in some special cases as follows:
Here, we assume the solution equation (70) in the form:
where q 2 and q 3 are arbitrary non-zero constants. If we substitute the above solution in the equations (70), we have the following condition:
where α 1 = 2 k + q 3 (n − 2) . For discuss the above condition, we must take two cases as the following:
Case (4.1): When α 1 = 0, then the condition (72) leads to two the following conditions:
The above conditions leads to the following two solutions:
The first solution is q 3 = 1 − 1 2 c and α 1 = (2 n (2 c − 1) c . Therefore, the coefficients metric functions takes the form:
where a 2 , a 3 , a, b, m 1 , m 2 and n are an arbitrary constants.
Some physical and geometric features:
In this section, we study some parameters of the models obtained in the proceeding sections.
Parameters of the model (51):
For the line element (51), the expressions for density and pressure are given by:
The volume element is
The expansion scalar, which determines the volume behavior of the fluid, is given by:
Parameters of the model (63):
For the line element (63), the expressions for density and pressure are given by:
Parameters of the model (75):
For the line element (75), the expressions for density and pressure are given by:
χ p(r, t) = n m 2 (n + 2) a 2 1 (r + a) M1 (t + b) −4 n m + 1 − 2 n 1 + 2 n K 1 (r + a)
where K 1 = (1 − 2 n) (1 + 2 n) (3 n − 2) a 
The expansion scalar, which determines the volume behavior of the fluid, is given by: Θ = m (2 n + 1) a 1 (r + a)
Remark (1): For the models (41), (53), (65) and (77), the density and the pressure is vanishes identically and hence these are the vacuum plane symmetric models of universe.
Remark (2): For the models (51), (63) and (75), the non-vanishing components of the shear tensor, σ 
The shear scalar σ, is given by:
The deceleration parameter is given by Feinstien and Ibanez [27] :
Remark (3): All models do not admit rotation, since ω ij = 0.
Conclusion
We have investigated a plane symmetric inhomogeneous cosmological models with a perfect fluid in general relativity which are based on exact solution of Einstein's equations. In these models, the matter source consists of perfect fluid with proportionality relation between expansion scalar and shear scalar. The Lie group analysis transform the system of partial differential equations (Einstein field equations) to the system of ordinary differential equations. By choosing some special cases, we obtained a new class of exact solutions for the Einstein field equations for these models using the symmetry group analysis method. For n > 0 and m > 0, the derived models have big bang singularity at t = −b. Since, in our analysis, n is taken as positive so the values of m control the singularity nature of derived models. For m > 0, all the models have singular origin while for m ≤ 0, the models have non singular origin. In the literature, the non singular models seem reasonable to project the dynamics of future universe while the singular models seem to describe the dynamics of the universe from big bang to present epoch.
